Module 2: Time-domain representations for LTI systems — 1

Time-domain representations for LTI systems — 1: Convolution, impulse response representation,
Convolution Sum and Convolution Integral.
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Module 2
Time-domain representations for LTI systems — 1

2.1 Introduction:
The Linear time invariant (LTI) system:

Systems which satisfy the condition of linearity as well as time invariance are known as linear time
invariant systems. Throughout the rest of the course we shall be dealing with LTI systems. If the
output of the system is known for a particular input, it is possible to obtain the output for a number

of other inputs. We shall see through examples, the procedure to compute the output from a given
input-output relation, for LTI systems.

Example — I:
Given input-output relation of LTT system
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2.1.1 Convolution:

A continuous time system as shown below, accepts a continuous time signal x(t) and gives out
a transformed continuous time signal y(t).

input Continuous time output
t
x(t) system v (O '

Figure 1: The continuous time system

Some of the different methods of representing the continuous time system are:

) Differential equation
i) Block diagram
iii) Impulse response

iv) Freguency response
V) Laplace-transform



Vi) Pole-zero plot

It is possible to switch from one form of representation to another, and each of the representations
is complete. Moreover, from each of the above representations, it is possible to obtain the system
properties using parameters as: stability, causality, linearity, invertibility etc. We now attempt to

develop the convolution integral.

2.2 Impulse Response

The impulse response of a continuous time system is defined as the output of the system when its
input is an unit impulse, o (t) . Usually the impulse response is denoted by h(t) .

o Continuous time h(t)
g system >
unit impulse . impulse response

Figure 2: The impulse response of a continuous time system

2.3 Convolution Sum:

We now attempt to obtain the output of a digital system for an arbitrary input x[n], from
the knowledge of the system impulse response h[n].
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Methods of evaluating the convolution sum:

Given the system impulse response h[n], and the input x[n], the system output y[n], is
given by the convolution sum:

(el

ylnl= > x{mlhln —ml]

ra

M=—t0

Problem:
To obtain the digital system output y[n], given the system impulse response h[n], and the
system input x[n] as:

h[n]=[1, -1.5, 3]

An]=[-1. 25, 08 1.25]

-1 4 -595 7.55 0525 3.75



1. Evaluation as the weighted sum of individual responses
The convolution sum of equation (...), can be equivalently represented as:

y[n] 00 O

input x[n]
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Convolution as matrix multiplication:
Given
xnl=[x, x .. x] starting from N,
and
Anl=[h hy .. h,] starting from N,
Step 1: Length of convolved sequence i1s NUM = (L+M-1)
Step 2: The convolved sequence starts at i=N, + N,
Step 3: The convolution is given by the following matrix multiplication

o] _.rl 0 0 h 0 0
yli+1] X, X 01- - | h §h 01 _
. ) h, - L
yli+2] X, X 0 4 h, h 0
i3l |- x ol ™| h, 0|
LY N R O | E N PR 1
yli+35] X, - .. x| h, . . . h
hﬂ-{ rf
0 x . 0 h, -
i 1 L0 0 x, | 0 0 h, |




The dimensions of the above matrices are:
[NUM by l]=[NUM by M][M by ]]=[NUM by L][L by l]

For the given example:
x[n] is of length L=4, and starts at N, = -1

h[n] is of length M=3 and starts at N, =0

Step 1: Length of convolved sequence is NUM = (L+M-1)=6
Step 2: The convolved sequence starts at 1=(-1+0)=(-1)
V-1 [ -1 0 0 -1 ]
v[0] 25 -1 0 | 4
y[1] _ 08 25 -1 152 —5.95
v[2] 1.25 08 25 3 7.55
v[3] 0 125 038 0.525
V4] ] | 0O 0 125 | 3.75 |
or
-1 T 0 0 0 [ -1 ]
v[0] -1.5 1 0 0 |[ -1] 4
yl[1] 3 -15 1 0 2.5 -3.95
M2 1o 3 15 1 |[o8]| |1755
v[3] 0 0 3 -15][1.25] | 0.525
4l | 0 0 0 3 | 375

Evaluation using graphical representation:

Another method of computing the convolution is through the direct computation of each value of the
output y[n]. This method is based on evaluation of the convolution sum for a single value of n, and
varying n over all possible values.

o

y[nl=>" x[mlhln —m]

M=—o

Step 1: Sketch x[m]
Step 2: Sketch h[-m]



Step 3: Compute y[0] using:

y0]= > x{m]h[—m]

n=-—co

which is the ‘sum of the product of the two signals x[m] & h[-m]’

Step 4: Sketch h[1-m], which is right shift of h[-m] by I.
Step 5: Compute y[1] using:
yll= > x[m]h[l—m]

which is the ‘sum of the product of the two signals x[m] & h[I-m]’

Step 6: Sketch h[2-m], which is right shift of h[-m] by 2.
Step 7: Compute y[2] using:
y[2]= i x[m]h[2—m]
which is the ‘sum of the product of the two signals x[m] & h[2-m]’
Step 8: Proceed this way until all possible values of y[n], for positive ‘n’ are
computed
Step 9: Sketch h[-1-m], which is left shift of h[-m] by 1.

Step 10: Compute y[-1] using:

o0

yi=11= > x[m]h[-1-m]

which is the ‘sum of the product of the two signals x[m] & h[-1-m]’

Step 11: Sketch h[-2-m], which is left shift of h[-m] by 2.
Step 12: Compute y[-2] using:

oo

y[-2]= Z x[m]h|-2—m]

m=-—ca

which is the ‘sum of the product of the two signals x[m] & h[-2-m]’

Step 13: Proceed this way until all possible values of y[n], for negative ‘n’ are
computed
x[m] h[-1-m] y[-11=(-1)
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x[m] h[-m] v[0]=(1.5+2.5)
10 : 10 -

-
[~

4]
o

Mﬁtmm 4

X[m]

;\[-m]

o
L

M0

%
x[l;] h{-m]

a o

X[m]

-5 5 s}
-5 0 5 -5 0 5 -5 0 5
m m m
x[mi] h[1-m] y[1]=(-2-3.75+0.8)
10 : 10 5 10
z
5 . S—— 5 . . e T s 5 ve
E ¥ i = =
= : —3 i = Obwo—l—l—iw
: =
-5 a s -5 O 5 -5 O S
m m m
x[m] h[2-m] y[2]=(7.56-1.2+1.265)
10 10 10
E &
o~ =
me—o-erl—?;le-e-c - M@lﬁe-oo =
: E3
-5 0 5 -5 0 5
m m
x[m] h[3-m] ¥[3]=(2.4-1.875)
10 10 10
5 : — 5 ; oS, 5
Tee 3 1wl & T
0pooo, ! PToop = 0pooocoe 37ep E Opoocooe g°°t
: = :

o ] o | T
5 0 5 5 0 5 -5 a 5
m m m

x[m] h[4-m] vI41=(3.75)
10 . 10 10 v

h[4-m]
X[m].h[4-m]

2o}

3o} -



Qutiput: y[n}=x[-1].h[n+1]+x[0].h[n}+x[1].h[n-1]+x[2].h[n-2]
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Evaluation from direct convolution sum:

While small length, finite duration sequences can be convolved by any of the above three methods,
when the sequences to be convolved are of infinite length, the convolution is easier performed by
direct use of the ,,convolution sum’ of equation (...).

0 for m<0

since: M[m]=-'\1 for m>0

[ | |’{} for (n—m)<0

uln—m)=-
|M1 for (n—-m)z=0

B {U for (—m)<n

1 for (—m)zn

_{U for m>n

1 for m=n

Example: A system has impulse response h[n] [J [ exp([] 0.n8)u[n]. Obtain the unit g
response.
Solution:

ylnl= > hlm]x{m]
Mm=—c0

= > {exp(=0.8(m)) ulm]}{uln—m]}

m=—oo



X[n]=u[n]

.
h[n}=u[n]
y[n]=x[n]*h[n]

= i{exp(—().8(»'1))}{11[11—ml}

m=0

- i{exp(—().S(m))}

m=0

= i{exp(—().&m))}

m=0

(1-(-0.8)"")

(1-(-0.8))

y[n]= i {(—0.8)("*'"'11[)1—112]}

m=—oo

= i {exp (—0.8(n—m))uln— m]}

m=0
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input:x[n] impulse response: h[n] ouput: y[n]
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2.4 Convolution Integral:

We now attempt to obtain the output of a continuous time/Analog digital system for an arbitrary
input x(t), from the knowledge of the system impulse response h(t), and the properties of the impulse
response of an LTI system.

The output y(t) is given by, using the notation, y(t)=R{x(t)}.
y(1) = R{x(1)}

= R-{ J .\‘(r)o‘(r—f)dz'JL

= [ x(0)R{S(t-1)}dr

= x(DOh(t—1)dt

= x(1)*h(t)

An input impulse response corresponding output
x(L) ¥
> h(t) g
()= | x()o(t - 1)dz ——— Y= [ x(e)h(t - 1)dr

Methods of evaluating the convolution integral: (Same as Convolution sum)

Given the system impulse response h(t), and the input x(t), the system output y(t), is given by the
convolution integral:

Y )= j.\‘(r)lz(r—r)dr

Some of the different methods of evaluating the convolution integral are: Graphical representation,
Mathematical equation, Laplace-transforms, Fourier Transform, Differential equation, Block
diagram representation, and finally by going to the digital domain.



Recommended Questions

1. Show that if x(n) is input of a linear time invariant system having impulse response h(n), then
the output of the system due to x(n) is

y(n)= > x(k)h(n - k)
k = o0

Use the definition of convolution sum to prove the following properties

x(n) * [h(n)+g(n)]=x(n)*h(n)+x(n)*g(n) (Distributive Property)

x(n) * [h(n)*g(n)]=x(n)*h(n) *g(n) (Associative Property)

x(n) * h(n) =h(n) * x(n) (Commutative Property)

Prove that absolute summability of the impulse response is a necessary condition for stability
of a discrete time system.

4. Compute the convolution y(t)= x(t)*h(t) of the following pair of signals:

wwhEN

{1 —a<t<a _ 1 ~a<l<a
(@ x()= {l] otherwise ' A1) = 1!3 otherwise

_ [t 0<t=T _ 1 O<t=<2T
() x(r) | 0 otherwise ’ h(e) 0 otherwise

(c) x(ey=ult = 1), h(1) =e Y u(t)
5. Compute the convolution sum y[n] =x[n]* h[n] of the following pairs of sequences:

(a) x[n]l=uln], hln]=2"ul—n]
(b) xlnl=uln)l—=uln-=N)hlnl=a"uln), 0 <a<
(¢) x[nl=)uln), hln]=8[n] - 38[n - 1]
6. Show that if y (t) =x(t)* h(t), then
y' (1) =x"(t)*h(t) =x(t)*»h'(1)
7. Lety[n] = x[n]* h[n]. Then show that

x[n=n,)sh[n—n,]=y[n—-n,-n,]

8. Show that
ng+N-1
x((n]®x,[n]= X x,([k]x)[n—-k]
k=n,

for an arbitrary starting point no.






