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LAPLACE TRANSFORMATION AND APPLICATIONS

Laplace transformation — It’s a transformation method used for solving
differential equation.

Advantages

e The solution of differential equation using LT, progresses
systematically.

Initial conditions are automatically specified in transformed
equation.

* The method gives complete solution in one operation. (Both
complementary function and particular Integral in one operation)

e The Laplace Transform of a function, f(t), is defined as

L) =Fs) = [ feat

* Where S is the complex frequency

Condition for Laplace transform to exist is

jmf(t) e Stdt < oo

o+jw

1
f@®) =L"1F(S) = EJ F(s) eStds

o—jw

Unit step function

0 t<O0
1t=0

u(t) = {



1.5

1+

0.5

0

-0.5

Delta function
St)=0t=+0
lime_o f, 6(t)dt = 1

L(6() = jmd(t)e‘“dt =e 05=1
0

Ramp function

tr(t)

fi)=t
F(s) = ~Std
(s) jo te t

e~St o © 1
F(s) = [t ] +j —e Stdt
S 0 0

S

1
F(S)=S—2

Laplace Transform of exponential function
f©) =e

L(e™9t) =j e e Stdt
0



= fooe—(3+a)t dt
0

1
(s+a)

f(t) =e*

1
(s—a)

L(e%) =

F©) = sinat = £ (/o — eor)

] 1 jot —jwt
f(t)=sma)t=2_j(e _ ejwty

1 . ,
L(sinwt) = L[Z_j (elwt _ e—]wt)]

1 . ,
= z—j(L[e]wt] _ L[e—]wt])

1[ 1 1\_ w
2]

s—jo s+jol 5P+’

1. _
f(t) = coswt = E(efwt + e—]wt)

1, . _
L(coswt) = L[E (eJot 4 e=iwt)]

= 5 @]+ L]



1 1 N 1 S
2s—jw s+ jw T 52+ w?

Laplace transform of derivative
Consider a function f(t)
WKT

L(f(®) =F(s) = j f(e stdt
0
Let Let u = f(t), and dv = e Stdt

du—[d]dt v=——g St

F(s) = l—@e‘“ j e Stdt

Fs) = & T3 L [dt]
LIZ|=sF@s) - f(0)
In general
L [d’;];(lt) = s"F(s) — s™1f(0) — s™2f'(0) ... ... — " 10)

Laplace Transform of Integration

L Uotf(t) dt] = jooo Uotf(t) dt] e Stdt

t
Let u= j f®)dt, dv = e Stdt
0

1
du = f(t)dt, v= —;e‘“



[ roa] =[S [roa] +1[ rwea
0
o<l

U f(t) dtl is the value of integral f(t)as
0
t approches 0 from + ve side

Laplace transform of some important functions




sinh at —
2 — g2

cosh at —
2 — g2

Shifting theorem
Llu(t —a)] = j l.e St dt
a
1

— oA _
S

f(t —a)u(t — a) is function f(t) shifted to a
LIF(t — a)u(t — )] = e~ F(s)

L e ®F(s) = f(t — a)u(t — a)
These equations tell us that transform of any function delayed to begin
at time t=a, is e ~“° times transform of the function when it begins at
t=0. This is known as shifting theorem.

Given L[f(t)] =F(s), L[f(t—a)u(t—a)]=e *F(s)

Initial value Theorem

It states that
lim f(t) = lim sF(s)
t-0 S—00

Proof

(00]

. df _ .
lim | —e~5tdt = lim[sF(s) — f(0)] .... 1
s—o /g dt S—

Substituting s — oo in integration we have

0 = lim[sF(s) ~ £(0)]



£(0) = lim[sF (s))
£(0) = lim f(¢) = lim sF(s)

Final value theorem

lim f(t) = limsF(s)
t—oo s—0

Since s is not a function of t

(00)

. af ...
lim . T dt = lim[sF(s) — £(0)]

Letting s— 0 on LHS
oo df T tdf
Jo qrdt = lim J, g at
lim [£(2) = (0] = lim[sF (s) ~ £ ()]
Hence
lim f(t) = limsF(s)
t—oo s—-0

Wave form synthesis
Unit step function

fFO=u®) =1 t=0
=0 t<0

F(s) =

F)=At>0
=0 t<0
f (&) = Au(t)



£(t)

F(s) =

AN

Delayed unit step

Consider a function f(t) =1 t =a

=0 t<a
f@) =u(t—a)
()
F(s) = e“:‘le
S
Delayed —ve unit step
f)=0 t<a
=—1 t >a

f(®) =—-u(t—a)

f(0]

<

1
F = —p S _
(s) e 5



Waveform synthesis involving unit step function

f)=1 0<t<a
=0 for all other values of t

f@) =u() —u(t —a)

(o 1),

1 1

v

N

1 1
F(s)=——e % —
S S
Rectangular pulse
f)=1 a<t<bh

=0 for all other values of t

f@t) =u(t—a)—u(t—>b)
f(tT

a b t
-1

N

1 1
F(s)=e % — —e™bs—
(s) 5 5
Laplace transform of periodic function

Let f(t) be a periodic function with period T.
Let f1(t),f2(t), f3(t) ....be the functions describing the



first cycle, second cycle, third cycle ....
f@©) = fi®) + fo(t) + f5(0) ...
fO=f+ft—T)ut—T)+ fi(t = 2T)u(t — 2t) ....
Let L[fi(t)] = F;i(s)
Therefore by shifting theorem

LIf®O]=FG)[1+e TS +e 215 +...]

1
L] = [r—=| H®)
Rectangular wave of time period 2T
(t)
4
. _
T 2T 3T 4T ;"
1

Let f,(t) be the first cycle of the waveform

fi(©) =ut) —2u(t —T) +u(t — 27T)

f@)=f,(t)+ f(t —2T)u(t — 2T) + f,(t — 4T)u(t — 4T) ....

20 Ts  o—2Ts
S S

LIfi1(®)] = Fi(s) = E_ +

1 ] ll Ze—TS e—ZTS]

L[f(t)]zll—e‘ZTs s s T S



1 [ 1 — —Ts\2
@)= | = o]

(1—€_TS)2 ] B l (1—€_TS)
[(1-e T$H)(1+eT)] = sl(a+eTs)

vk

Half cycle of sine wave

T

f(t) = sinwt 0<t<§

= 0 otherwise

f(t) = sinwt u(t) + sin (wt B g) " (t - g)

W —Ts
F(s) = 1+eT]
(s) s2 + w?

. 1
Show that the transform of the square wave is———
s(1+e~4as)

f( UA

f®) =A@+ () + f5(0) ...



f@©) = fi(O) + fi(t = 2a) + fi(t — 4a) ...

f1(®) = u®) —u(t - a)

Fs) = s(1—e285)  s(1— e %5)(1 + e~95)

Ramp Function

f)=t t=0
=0 t<0
f(@) = tu(t)

1
F(S)=S—2

Ramp with slope A/T




Shifted ramp

A
f® =T (= Tu(t =)
F( — ,—Ts A
S) =e T_52

Shifted ramp with negative slope

f(t),

F — _p~Ts___
(s) e

Addition of two ramp function
A A
f@O) =7tu® -t -TDult -T)

A
F() =7 [1—e7T5]

Saw tooth waveform with slope A/T



f(t)

>

T ot

A A
f) = ?tu(t) —7 t—Tu(t—T)—Au(t—T)

Al Al A
— -T -T
FO =gz 727 ¢ "3
A Ae™Ts
F(S) =T [1 — e_TS]
S S

For the waveform shown, show that the transform of this function is
1 e—as

Fls)= as?  s(1—e~%)

f@©) = fi®) + fo(t) + f5(2) ...

f@®) =0+ fit—a) + f1(t — 2a) ...

Fi(6) = —tu(®) = (t — )u(t ) — u(t — a)

F(S)zi_ _asi_e_asl
1 52 as? S
—as
Fi(s) =—[1—e™%]



1
F(s) = mﬂ(s)

1 —as

as? [1-e™] - S

1

F(s) = [1 —e~a5] [

—as

as?  s(1—e~%)

F(s) =

Hence proved

Triangular Waveform
f(t)

2
>

a 2a t

f@) =tu(t) —2(t —a)u(t —a) + (t — 2a)u(t — 2a)
1 2 1
F(S) = - e_as—z + e‘zas—z
S S S

1
F(s) = = [1—2e7%5 4 ¢~295]

1
F(s) = = [1 — e 95]?

Trapezoidal wave
f(t)

fWO=tu@®)—(t—Dult—1)—((t—-3ult—3)+ (t —Hu(t—4)

1
F(s) = 3 [1—e 5 —e 35 + e~



Find the Laplace transform of the waveform shown in figure

f(t) 4

A 1.

0 1 2 3 t

-1

f@&)=tu(t) —2u(t—1) —u(t—3) — (t —3)u(t —3)

1 ze—s e—35 e—3s

F(s)=——"— -~ —
(s) 52 S S 52

Solution of networks using Laplace Transform
1) Consider a series RC network as shown in figure. It is assumed

that the switch K is closed at t=0. Find the current flowing through

the network.
R

K/ M
{
S
|

| —

Solution
Applying KVL, the equation for the circuit is

1 t
Ef idt + Ri = Vu(t)

The transform of the equation is

11l(s) q(0) |4
ek RV OREE

If the capacitor is initially uncharged, the above equation reduces to
the form

ol

Therefore



ooV

1
S [E_I_ R]
; _ V/R
() = X 1/RC
V/R
l(t) = L_ll(S) = L_l [ﬁ

|74
i(t) = Ee_t/RC Amp

2) Consider a series RL network as shown in figure. It is assumed that
the switch K is closed at t=0. Find the current flowing through the
network.

R
K o

I

|4|II~ +

Solution
Applying KVL, the equation for the circuit is

L2 Ri = vuge
7 TRi=Vu®

The corresponding transformed equation is

LisI(s) —i(0)] + RI(s) = g

Since i(0-)= 0, we have

[Ls + R]I(s) = g

1(s) = s[Ls + R]



V/L
I(s) = —2
s[s+ R/L]
To bring I(s) expression to the standard form, to take Laplace Inverse,

let us apply partial fraction expansion for I(s)
V/L A B
I(s) = / =—+
s[s+R/L] s s+R/L
It can be found that A=V/L and B=—V /L

Therefore

1
s+ R/L

o=t

|4 _Rt
i(t) =Z(1—e L) Amp

3) Consider a series RLC circuit with the capacitor initially charged to
voltage Vo=1 volt

Solution
By applying KVL, the differential equation of the circuit can be written
as

Ldi+R'+1ft idt = 0
et Te) T

The corresponding Transformation equation is

L[sI(s) —i(0—)] + RI(s) + Cis [I(s) +q(0-)] =0

q(0-)
Cs

V.
= — ?0 (for the polarities shown in figure)



i(0—-)=0A4
Therefore

I(s)[Ls+R+é] =D

0
S

Substituting R=1ohm, L=1H, C=1/2 F and V=1 volt we have

I(s) =
I(s) =

s2+2s+2

(s+1)2+1
i(t) = e tsintu(t) Amp

4) In the circuit shown in figure, steady state is reached with switch
K open. Obtain the expression for current when switch K is closed
at t=0.

Assume R1=1Q ,R2=1 Q, L=1H V=10V. Q

K
RL [
R2

t,
D"

Solution

Applying KVL, with the switch is closed

Vu(t) = R1i(t) + L%

Taking Laplace transform of the above equation yields



= R1I(s) + L[sI(s) —i(0)]

ey V10 _
i(0) = 3 3.333Amp

Substituting the values of R1, L and i(0-)

10 + 3.333s
s(s+1)

I(s) =

Applying Partial fraction Expansion

I(s) = 4 + 5 2
s) = P R
Solving for A and B
A=10 and B=—6.667
10 6.667
I(s) =——
s (s+1)

Therefore
i(t) =[10 — 6.667e t|u(t) Amp

5) Derive the expression for current i(t) for the series RLC circuit
shown. Assume zero initial conditions.

Solution



The transformed equation is

() [R+Ls+2| =2

V/L
I(s) = B T
sP+rs+ie
V 1
I(s) =~
L2, R . 1
S +LS+LC

I(s) = %l(s —SD)(s — 52)]

Where S1, SZ———i\/[
2L 2L

CASE 1: The roots are real and unequal S1 # 52

I(s) = -
) =IG1=52) [(s —51) (s— 52)]
%
YN S1t _ ,S2t
O =Ts1=sple —¢]
CASE2: $1=52
() =2
a7 (s —s1)2
i(t) = —teStt u(t) Amp
CASE 3
$S1,52 =—-atjw
Therefore
I(s) = V[ 1
VTG rat oGt a—jo)

oy Y 1
(S)_Z (s+a)2+a)2]



I(s) =

V W ]
Lwl(s + a)? + w?

i(t) = —[e “sinwt]
Lw

The Transformed Networks
The voltage — current relation of network elements can also be

represented in frequency domain.
Resistor

For a resistor, the voltage-current relationship is
v(t) = Ri(t)

The Laplace transform of the above equation is

V(s) = RI(s)
R

-|_- —_—AR N —
I(s)
V(s) :

Inductor

For an inductor, the voltage-current relationship is

) =L di
=R
The Laplace transform of the above equation is

V(s) = L[sI(s) —i(0)] ... cc...... (D)

For an inductor, the voltage-current relationship can also be written as

i(t) = %jt v(t)dt

The Laplace transform of the above equation is



0
I(s) = ———L’( )+ l( ) @

Equations (1) and (2) can be represented by the following circuits

1(s)
> I(s
N
o Ls +
ve) , V(s) Lsg T 10
(:;:) Li(0) f s
Capacitor

For a capacitor the voltage-current relationship is

v(t) = %jt i(t)dt

Laplace transform of above equation

v(O)
V(s) = —I( )+ — (3)

voltage-current reIatlonshlp can also be written as
dv
t) =C—
i(t)=C—

The Laplace transform of the above equation is
I(s) =C[sV(s) —v(0)]...........(4)

Equations (3) and (4) can be represented by the following circuits

1s) I(s)

V(s) - ) Vv {\5) Cs T CD C‘V('l})




Determine the current in the inductor Lland L2 for the circuit shown
below.

The switch is closed at t=0 and the circuit has attained steady state
before closing the switch. V1=1 Volt, L1=2 H, L2=3 H, R1=R2=2Q.

L1 R2
s, A —

El : é 1.2

Solution
Before closing the switch the circuit has reached steady state.
Hence the current through inductor L1 is

. . v 1

l’Ll(O_)zlLl(O +) - E - E - 05 A

Hence the transformed network is shown below

v o 2
—@—’_““"“ ﬂW—‘
|

s L D ; : D e?f
o 11(5) 12¢) i

Therefore the loop equations are
(25 + 2)I,(s) — 21,(s) = >+ 1

S



—21;(s)+ (3s+4),(s) =0

(2s + 2) H11(S) _[-+1
—2 (35 + 4| L1, (s) _S

By applying Cramer’s rule

%+1 )
o @s+9
L) =Gz r1as 1 a)
L (s) = (s+1)(3s+4)

s(6s% + 14s + 4)

(s+1)(3s+4)

hs) = 6s (52 +1—:S +%)

By applying partial fraction expansion

(s+1D@Bs+4)  (s+1DBs+4)

h =6s(52+%s+%)_6s(s+%)(s+2)

B N C
eHNEE

A
Il(S) =—+
S

. 3 1
By solving A =1 B_—g c_E
3/5 1/10

1
h®)=§_6+3) s +2)

t

3 1
i,(t) = ll—ge o€ 2t]u(t)



Similarly

(25 + 2) %+ 1|

—2 0
I =
2(8) = 7 T 145 + D
(s+1)
I =
2(5) s(3s2+7s+2)
s+1
IZ(S) = ( 1 )
3s(s +§)(s + 2)
I,(s) = 4 + + ¢
20 =g 1 s+2
S+ 3
By applying partial fraction expansion
A= 1 B = 2 C = 1
B -5 10
Therefore
L(s) = 1{11 21 1 1 1
2 =905 5 1 101ls + 2
s + 3
(©) = [1 e Zt] ©) A
i) > 5e 1Oe u mp



Solution of networks with AC Excitation

For the network shown in figure find the voltage across the capacitor
when the switch is closed at t=0.

Let R=2Q), C=0.25 F and V(t)=0.5cost u(t)

R
e

R
iy

N
v(1) E@

+
= s T
c CRCR 1

The transformed network is shown below.

V(s) = (R + é)](s)

Since v(t) = 0.5 cost, V(s) = 0.5 —

52412

1) 0.5s2
S) =

(s2+1%2)(2s+ 4)
Voltage across the capacitor is given by

1
Ve(s) = EI(S)

S

Ve(s) = (s2+1D(s+2)




S As+B C

Ve(s) = 2+ D(E+2) 2+1) ’ (s+2)
s _(@s+B)(s+2)+C(s*+1)
(s2+1D(s+2) (s*+ (s +2)

Equating the numerators
s=(A+C)s?+ (2A+B)s+ (2B + ()
Equating the coefficients of s2 term, s term and constant term,
we’ve
A=0.4 B=0.2 and C=-04
0.4s 0.2 0.4
VC(S)Z(SZ+1)+(SZ+1)_(5+2)

v.(t) = [0.4cost +0.2sint — 0.4e 2] u(t) Volts

2)Determine the current in the network when the switch is closed at
t=0. Assume v(t)=50 sin 25t, R=10 ohms, and L=5 H.

Solution

R
B

T =

+

+ .
v() _@ é L Vi) _69 1) D Ly

The transformed network is shown. Hence
V(s) = (R + Ls)I(s)
Since v(t) = 50sin25t, V(s) =50 25

s24252

o( 25 )=(1o+55)1(s)

s24+625



250
(s24625)(s+2)

I(s) =

By applying Partial fraction expansion

250 _ As+B N C
(s24+625)(s+2) (s2+625) (s+2)

250 _ (As+B)(s +2) + C(s* + 625)
(s2+625)(s+2) (s? + 625)(s + 2)

250 = (A+ C)s? + (24 + B)s + (2B + 625)
A+C=0 2A+B =0 2B + 625 = 250
A=-0397 B=0.795 C =0.397

—0.397s 0.795 0.397

1) =rrem T 7 re29) T G512

i(t) = [—0.397 cos 25t + 0.032sin 25 t + 0.397e 2 u(t) Amp

3)For the network shown in figure find v(t) , if the switch is closed at
t=0.

() I1H

K
N T
Scos 2t @ D T ;;F Tf)
|

The transformed network is



| ~— (]
55/5°2+4) @ J 1x
|

S [7 +5+ 6] I
s2+4 > S (5)
5 2
I(s) = _

(s2+4)(s?+7s+6)

30s
(s2+4)(s2+7s+6)

V(s) = gl(s) =

30s

V) = Ty DG T o6 D

By applying partial fraction expansion
30s As + B C D

(52+4)(s+6)(s+1)=(52+4)+(s+6)+(s+1)

30s _(As+B)(s+6)(s+1)+C(s> +4)(s +1) + D(s* + 4)(s + 6)
(s2+4)(s+6)(s+1) (s2+4)(s+6)(s+1)

Evaluating the constants we have
42 9 6

A== B=2 =2 agndp=-2
10 10 10 5

V(s) =

10[(5 +4)] 10 | (s2 +4)] _[m __[(s+1)

(t) = 3 2t+21 2t+9 6t 6"1 t
v 5 €os 10sm T0¢ c€ u(t)



For the network shown the switch has been in open position for long
time and it is closed at t=0. Find the voltage across the capacitor.

v K

- IF 2

iy
b |
I
I
Ik
S2| b
I,
[}

104 (T

The transformed network at t=0- is

ve) K

A
n|r-.¢
[
|

i

82| b

RO

Let us find the solution of the circuit with switch K open.
10
— = 2V (s) + sV (s)

10
V(S) a s(s+2)

Therefore V(t)at steady state is

1

0| sy
(s+2)s=0

lim v(t) =limsV(s) =

t—o0 s—-0

Therefore V(0+)=5V
When the switch is closed at t=0 the transformed network is



V(s)

iy
S|

T1 ()3

5] ev(oy

e
u|r-.;

0

By applying KCL we have
Z+5=(2+8+5)V(s)

(SS:“’) = (s + 10)V(s)

By applying partial fraction expansion

55410 A B
Vis) = s(s+10) s | (s+10)

WefindA=1and B = 4

1 4
V) =5+ 5510

v(t) = [1+ 4e 10 u(t)

In the network shown the switch is opened at t=0. Steady state is

reached before t=0. Find i(t)

Vv —




Solution
At t=0- the transformed network is

V(s) 1
AN,

P i = ;) é 0.55

“|
I
ey

5
s

tlim v(t) = lirré sV(s)=1V
—00 s—
Applying KVL for outer loop

== (1+0.55)I(s)

1
I(S) o s(1+0.55)
. . . . 1
limi(e) = lims1(s) = lim 75| = 1.4

When the switch is opened the transformed network is

1 1
§+05 = (§+055+1)I(8)



(s +2)
(s? + 25 + 2)
s+1)+1
(s2+2s+1)+1
(s+1) 1
)= e+l T Grz+1
i(t) =e tcost+e tsint

I1(s) =

I(s) =

The network shown in figure has attained steady state with switch K
open. The switch is closed at t=0. Determine v(t)

20 v K
Wiy ]

Ay
by
[/

[}
{

nae

- IF +1F
1

The transformed network before closing the switch is

2. F{(s) K
Ay —

L0 s T2

¥

Writing the nodal equation for V(s)

V(s) — § N V(s)

> > +sV(s)=0

V(s) 2 V(s) B
T—E-FT-FSV(S) =0

2
V(s)[1+s] = 5



V) =567 D

V at steady state is tlim v(t) = lir% sV(s) =2V
—00 s—
When the switch is closed v(0 +) = 2V

The transformed
network att =0+ is

Vo)
!

- 7
4 ° > 5 v L
e 3 v T2

¥ ¥

g

Now writing the nodal equation for V(s)

4
V ——
& 75, V(S) +s lV(s) _ 3] +sV(s) =0

2
B 2(s+1)
V) = 3705
B B
V) =5+ v os)

A=2 andB =1

1
( s+ 0.5)
vt)=[2—e¢ 05t]u(t) volts

2,
V(s) =
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Two Port Network

Overview

The concept of a two-port network.
The relationship between input and output current and voltages.
Combinations of networks in series, parallel, and cascaded.

Two Port Network

A pair of terminals through which a current may enter or leave a network is known as a
port.

Two terminal devices or elements (such as resistors, capacitors, and inductors) results in
one — port network.

Most of the circuits we have dealt with so far are two — terminal or one — port circuits.
(Fig. 1(a))

A two — port network is an electrical network with two separate ports for input and
output.

It has two terminal pairs acting as access points. The current entering one terminal of a
pair leaves the other terminal in the pair. (Fig. 1(b))

e I] I,
o——— - ——
+ P—
e + *
v Linear Linear
network Vi network V2
e o
O— < S
I I, L
Fig. 1(2) Fig. 1(b)

To characterize a two-port network requires that we relate the terminal quantities Vi, Vo,
Iy, and .

Out of these four, only two are independent.

The terms that relate to these voltages and currents are called parameters.

Impedance and admittance parameters are commonly used in the synthesis of filters.
They are also important in the design and analysis of impedance-matching networks and
power distribution networks.

Three types of two-port parameters are examined here: impedance, admittance & transmission.

Z-PARAMETER
«Z — parameter is also called impedance parameter and the unit of Z — parameters is ohm (Q)
*The “black box” replaced with Z-parameter is as shown below.
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221

Zl‘l

Z‘l2

Z,, @ -

« A two-port network may be either voltage driven or current driven
* The terminal voltages can be related to the terminal currents as:

V1 = lell + lel 2
V2 = Zlel + Zzzlz

The values of the parameters can be evaluated by setting the input or output port open circuits

(i.e. set the current to zero).

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

Il 12:()
— -
—O— ——0
V] +
Z) = 1.
I
+
Vi C—D v, v
1= 1 _
L O0—— 1 ——o0
(a)
—_— -
o—— O
+ V[
Z,= o
2
v, . @ v
Hgn; &= -2
— 12
(b)
V. V.
V1 _ V1
Z, = |_ Z, = |_
11,=0 211,=0
L, Vel Ve
21 — | 22 — | 3
11,=0 2 11,=0
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These are referred to as the open-circuit impedance parameters.

These parameters are as follows:

z11 Open circuit input impedance

212 Open circuit transfer impedance from port 1 to port 2
Z,1 Open circuit transfer impedance from port 2 to port 1
Z,> Open circuit output impedance

When z;1=2y, the network is said to be symmetrical.

It should be noted that an ideal transformer has no Z - parameters. The equivalent circuit for two
port networks is shown below:

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

I1 12 II 12
O Z)1—Zp Zy)—1Zp O 1522 | o)
+ +
V, £12 v, 7 1 v,
o o o
(a)

Solution:

When |, = 0(open circuit port 2). Redraw the circuit.

. 2400_L |,
Vi I, 1200 2
400
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V, =1201,.......(1) V, = 2401........(3)

280 120

=2 == (4
=200 @ e =200 @
sub (1) — (2) sub (4) — (3)
nZy= \% -840 " Zy= \% =720

1

1

When I; = 0 (open circuit port 1). Redraw the circuit.

-—

. 1, 1>
+ l +
v, 2400 v,
1200 I
x
400

2

V, =2401,......(1) Vv, =1201,......(3)
160 240
=—1,.... I =—1..... 4
X 400 2 ( ) y 400 2 ( )
sub (1) — (2) sub (4) > (3)
V. V,
Ly, = |—2 =96Q2 RAVARES I—l =72Q

2

In matrix form:
84 72
[Z]= Q
72 96

2. Find the Z — parameter of the circuit below

, 29 40 100 l,

= =

+ +
101, —

Vl VZ

_ -j20Q -
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Solution:

1) I, = 0 (open circuit port 2). Redraw the circuit.

Y g =0 Vo= 12+ 4)
V, .
N + Ly = I—l = (2+j4)Q
1
v, v, V, = 0 (short circuit)
_ - .z, = 0Q
i) 11 = 0 (open circuit port 1). Redraw the circuit.
vV, = 101,
l,=0 10Q I
! 2 s Z, = %: 100
2
+ Lo V, +V2-1OI2
+ 2 —j20 10
Vv 101, — _ J .1
1 P e \/2 2|2 = VZ (20 + 10]
- -j20Q _ V.
RRIVANES I—Z = (16-j8)
2

In matrix form;
7] - {(2+j4) 0_ }Q
10 (16 -j8)

Y - PARAMETER
Y — Parameter also called admittance parameter and the unit is Siemens (S). The
“black box” that we want to replace with the Y-parameter is shown below.

I1 IZ
+ y11 y12 +
V1 VZ
- @o— \/21 y22 —._
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|1 — y11V1 —+ y12V2
|2 - y21V1 —+ yzzvz

{ll}{yn ylz} {Vl
I2 y21 y22 V2
I
B
O |
+ _L
Y= V]
Vi
I,
Yo1= V'I
(a)
I
N
O— l
+
= V:‘
V] =O
Yo = k
B 22 V2

ol

L,

0,

=
I
(e ]

Q

Q



V%

®

Learning
|1 Iz
Yu=1, and  y, = v
1 lv,=0 1 lv,=0
y11 = Short-circuit input admittance
Y21 = Short-circuit transfer admittance from port 1 to port 2
1, l,
v and y,, = v
2 lv;=0 2 lv;=0

y12 = Short-circuit transfer admittance from port 2 to port 1
Y22 = Short-circuit output admittance

1. Find the Y — parameter of the circuit shown below.

50

Solution:
i) V=0

sub (1) = (2)

bl
1
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ii)Vi=0
I, 50
—  ANA I, e
150 I, v,
V, =151,.......(3) V, =-51,
5 I 1
I =—1,.... 4 Y, =-t=-=§
X 25 2 ( ) 12 V2 5
sub (3) > (4)
=l ds
V, 15
11
In matrix form, [Y ]= 4 S
14
5 15
2. Find the Y — parameters of the circuit shown.
I, 20 40 }\R}f\l/ I,
+ +
10, ——
V, jeosy Ve
Solution:
1) V2 =0 (short — circuit port 2). Redraw the circuit.
I, 20 j4£2 109 1,
.
101,

Vi
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Applying KVL to the loop consisting of dependent source 101, and 10 Q resistor we get,

101,4+10l, =0 or

I, =0
Vv, = (2 +j4),
[ 1 ]
Y, = X+ = = (0.1-j0.2)S
vV (0.1-j0.2)

I
~Y, =-2%=0S
21 v,

i) V1 = 0 (short — circuit port 1). Redraw the circuit.

+
101, ——
o0V
-101
l, = —2..... 1
Yo2+j4 @)
TR 7B 7 (1]
2 2o 10
1 1
21, = e 2
2T (10 " -jZO] @
Y, = \'/—2 — (0.05 + j0.025) S
2

sub (2) —» (1)

Y, = \'/—1 = (0.1 + j0.075) S

2
In matrix form;

[v]= 0.1-j0.2 -0.1 + j0.075
BLEE 0 0.05 + j0.025

T (ABCD) PARAMETER
« T — parameter or also ABCD — parameter is a another set of parameters relates the
variables at the input port to those at the output port.
T — parameter also called transmission parameters because this parameter are useful in

the analysis of transmission lines because they express sending — end variables (V1 and
I1) in terms of the receiving — end variables (V; and -1,).

10



» The “black box” replaced with T — parameter is as shown below.

I, L
. .:Au B, [ ®
Vi
T e——Cyy D, —o
V,=AV, -BlI,
|, =CV,-DlI,

NgE

o

ull

V2
_|2

2
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T terms are called the transmission parameters or simply T or ABCD parameters, and each
parameter has different units.

AV

2

1,=0

c-l

2

1,=0

B= M B= negative short-circuit transfer impedance (Q)

2 1v,=0

L
|2

D=-

V,=0

A=open-circuit voltage ratio

C= open-circuit transfer admittance (S)

D=negative short-circuit current ratio

Find the ABCD - parameter of the circuit shown below.

I, 25

11



Solution:
i) 1, =0,
I, 202
=W .

i) V, =0,

I, 20 40 1,

PR E

. 1.2 6.8Q
In matrix form; [T] :{ }

01S 1.4

Conversion from Y to Z Parameters:

For the Y parameters we have, [=Y V ..

For the Z parameters we have, V=271
From(@),V=Y"1T ...(c)
Comparing (b) & (c) we have, Z=Y*

Therefore,

1 Zi1 Z
s=ylo [11 12} _
Z21 222

Where AY = det|Y|

...(a)
...(b)

V%
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~C=—=0.1S
V, =21 +V,
v1=2(\ij+v2= V,
0
A=—=12
10
SV
D=_—lh_14

V, =21, +10(1, +1,)
V, =121, +10l,

14

Vl :12(—E |2j+10|2

V.

"B =—1=680

Y2 M2
AY  AY
Yo1 Yoo
AY  AY

2

12
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Conversion Table
Yo Vi A A7
Zn I “Ya  Yu 1 D
Ay, A, C C
[z, _ztz— B D _ﬁr_
Az Az I:J"n le:l B B
—Z; I Ya ¥z 1 A
Az Az _ _ B B |
EX ﬁ_ [ —¥2 -1 7
1 27 ¥Yau ¥ I:A B]
1 Zp —Ay —¥u C D
L Zn Zy _ Y Y _|
Network Functions
Contents:
» Network functions of one port and two port networks
»  Properties of poles and zeros of network functions.
V-l and I-V relations of basic elements:
Component Symbol V-1 relation I-V relation
Resistor v.(t)
—VVVNV— Ve (t) =i (1R iR(t)=F<T
dv, (t)
Capacitor I I v, (t) :éj.ic(t)dt ()=C ™
— Y Y Y o i) Lo
Vi ({)=L dt ILU)—IJVL\L)UL
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Inductor

Transform Impedance (Resistor)

Iz(t)

[&(s)
— _|_ —_— .
I  ———
<
7 R V&(S)
b vet) AR
) _
Transform Impedance (Inductor)
. L.(S)
EIVNG T o
——ve
b vi®  Z-LS Vi(S)
e —— ] - . _
Transform Impedance (Capacitor)
i(t) L(S)
- ot : P
—————
—c vlt)  Z(5»=1/CS V(S)
® '

A network function is the Laplace transform of an impulse response. Its format is a ratio of two
polynomials of the complex frequencies.

Consider the general two-port network shown in Figure (a). The terminal voltages and currents
of the two-port can be related by two classes of network functions, namely, the driving point
functions and the transfer functions.

14
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Network Functions: Driving point impedance & admittance functions

"fN !D
Vin Vo
P —— 0 —

(a) A two port network.

Iin

Vin

ﬂ

(b) Measuring input impedance.

I.  The driving point functions relate the voltage at a port to the current at the same port.
Il.  These functions are a property of a single port.
I1l.  For the input port the driving point impedance function Zy(s) is defined as:
Z|N(S) = V|N(S)/||N(S)

Transfer function
This function can be measured by observing the current I,y when the input port is driven by a
voltage source Vy (Figure (b)). The driving point admittance function Y (s) is the reciprocal of
the impedance function, and is given by: Y n(S) = in(s)/Vin(s)
The output port driving point functions are defined in a similar way. The transfer functions of the
two-port relate the voltage (or current) at one port to the voltage (or current) at the other port.

The possible forms of transfer functions are:

a) The voltage transfer function, which is a ratio of one voltage to another voltage. G»:(s) =
Va(s)/Va(s)

b)  The current transfer function, which is a ratio of one current to another current. ay;(s) =
12(s)/14(S)

¢) The transfer impedance function, which is the ratio of a voltage to a current. Zy(s) =
Va(s)/14(s)

d) The transfer admittance function, which is the ratio of a current to a voltage. Y2i(s) =
12(s)/V(s)

The general form of a network function is:

15



V%
Learning

a,s" + a,_ 1"+ a,_ 28"+ - + ag
bmSm + bm..lsm_l "‘1"' bm_zsm—Z “I" RS + bo

where g, #0 b, # 0

All the coefficients a; and b; are real

H(s) =

An alternate form of H(s)

a,(s — z,)(s — z;) -+ (s — z,)

H(s) =
®) = bs = ) — P2) (5 — P

In the above expression z;, z5, ..., z, are called the zeros of H(s), because H(s) = 0 when s = z;.
The roots of the denominator py, pa, ..., Pm are called the poles of H(s). It can be seen that H(s) =
oo at the poles, s = pi.

The poles and zeros can be plotted on the complex s plane (s = ¢ + jo), which has the real part ¢
for the abscissa, and the imaginary part jo for the ordinate.
jw
© Zero
X Pole

x

Poles and zeros plotted in the complex s plane.

Properties of all Network Functions:
1. Network functions are ratios of polynomials in s with real coefficients. A consequence of
this property is that complex poles (and zeros) must occur in conjugate pairs.

Consider a complex root at (s = -a — jb) which leads to the factor (s + a + jb) in the network
function. The jb term will make some of the coefficients complex in the polynomial, unless the
conjugate of the complex root at (s = -a + jb) is also present in the polynomial. The product of a
complex factor and its conjugate is

(s + a + jb)(s + a — jb) = s? + 2as + a? + b?

which can be seen to have real coefficients.

2. The networks must be stable:

16
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A bounded input excitation to the network must yield a bounded response. Or The output of a
stable network cannot be made to increase indefinitely by the application of a bounded input
excitation.

Stability of the general network function H(s)
1. If the network function has a simple pole on the real axis, the impulse response due to it
(for t >= 0) will have the form:
h(t) = &£~ 1 L
S — P
For pl positive, the impulse response is seen to increase exponentially with time, representing an
unstable circuit. Thus, H(s) cannot have poles on the positive real axis.

= Klep'r

Suppose H(s) has a pair of complex conjugate poles at s = a +/- jb. The contribution to the
impulse response due to this pair of poles is

h(t) = .?f“(

= 2K ,e” cos bt

Kl Kl _ =1 2K1(S_a)
s—a—jb+s—a+‘jb)_y " (s —a)* +b?

If ‘a’ is positive, corresponding to poles in the right half s plane, the response is seen to be an
exponentially increasing sinusoid Therefore, H(s) cannot have poles in the right half s plane.
An additional restriction on the poles of H(s) is that any poles on the imaginary axis must be
simple. Higher order poles on the jo axis will also cause the network to be unstable.

17
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Complex poles in the right half s plane.
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Double poles on imaginary axis.

Summary:
« The network functions of all passive networks and all stable active network must be
rational functions in ‘s’ with real coefficients.
« May not have poles in the right half s plane.
*  May not have multiple poles on the jo axis.

Check to see whether the following are stable network functions:

s s — 1
(a)sz—3s+4 (b)s + 4

The first function cannot be realized by a stable network because one of the coefficients in
the denominator polynomial is negative. It can easily be verified that the poles are in the right
half s plane.

The second function is stable. The poles are on the jo axis (at s = +/- 2J) and are simple. Note
that the function has a zero in the right half s plane; however, this does not violate any of the
requirements on network functions.
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Subject: Electric Circuit Analysis
Unbalanced Three Phase Systems
Review of A.C three phase system

Three phase voltages are generated by the alternator(AC generator), when the rotating magnetic field sweeps across the stator

conductors, hence emf’s are induced in all the three phases, which are separated by 120 degrees.
Ea = EnSinwt Es = EnSin(wt-120°) Ec = EnSin(wt- 240° or E. = EnSin(wt+120°)

- -
B-phase wvo Itage’ -
source

3-phase load

Sphase transmission line

S-FPhasa Transmissiomn Lime

-------------------------

= 0
T e Gemermtoe T T T T T S Prane toan” "
A
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Phase 1 Phase 2 FPhase3

___. 1zor I 1z0° __J

Phass “a® Phase "h* Phase "¢"

Phase Sequence
It is the order in which the maximum voltages in 3- phase are in sequence that is A, B, C.

P'hr_\--if' .'C ’1, LA e

——
E fﬁ\\ ~,
]'\/,- pEn
/ . En,= ELE
E.‘- EB = E.II__'L‘I:L'

E_ - &[_:'_z]-.::‘
e = ——

Balanced 3-Phase Supply

When all the three voltages in 3-phase supply having same magnitude but differs in phase by 120 degrees
with respect to one another is called balanced 3-phase supply. OR

Also in all the three lines the same and equal magnltude of current flows

P""-f—‘—‘i" .‘C "‘-, [N N T

= —
- lS\\ )
# ’—.:Q:f-\.ll
]"Ix_;_'-"f:?}"' ¥ E.r\
- Ea,= BELE )
E - L___B- = El=t2=
E. - E_l—= 2 A4

Un balanced 3-Phase Supply
The magnitude and phase angle in three phase supply are not similar that system is called un balanced 3-
phase supply OR In all the three lines the magnitude of currents are different (un equal).

e e e | F-—Phese E PPy

- - e}

—Z
(2 >,
L

]
e

Unbalanced 3-Phase Load
Suppose among the three phase impedances, if any One of the phase impedance is different then it is called
as unbalanced load.
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Star connected 3-phase system

In star connected three phase system, all the three ends of coils are joined at one point N (Neutral) other 3
ends being free.

Consider Eag Egc, Ecaare the line voltages called as E, |

Ean . Esn, Ecn are the phase voltages called as Eg,

In star connection Line current is equal to phase current I, = Ip;,
T

3 s
E_D-.E | = Firy
=
T i
G+ - =
EGL E':_' [
O e = S
:I-_-l\'_
L

Line current
10 A

==, Line voltage

[ /) 208 V Phase current

10 A

Phase voltage
120 v

ELine = EPhase x 1.732

ELine
1.732

E Phase =

Delta connected 3-phase system
All the three coils are connected end to end to form delta connected three phase system
Consider I Ig Ic are the line Currents called as I, .




3%

®
Learning
las lsc Ica are the phase currents called as I,
In Delta connection Line Voltage is equal to phase Voltage E; = Epy,
"o L Ta_ = N =, — = _
g 5 //'f=t = T
=] e —— i s =
o ";IL |
T, Top & T N At L = = aor v mnchs
= . B T, == 4 _a Fhose R = =
ey
\%_L/ Line current
f;,\“-clx 17.32 A
\|_ Line voltage
480 v

Phase voltage
a4s8o v

Woltage and current relatlionshilps In a delta connectliorn.

In delta system line current is 17.32A and phase current is10A. the reason for this difference in current is that current flows
through different windings at different times in a 3-phase circuit. During some periods of time current will flow between two
lines only. At other times current will flow from two lines to the third. Delta connection is similar to parallel connection
because there is always more than one path for current flow.

AF.32 A

e ——

10 A

——

10 A

Division of currents In a delta connectlion.

UnBalanced 3-Phase System :

The loads in all three phases of either Star OR Delta connection are not identical to each other in all respects are called
unbalanced load. In Unbalanced load the Line current in star and Phase current in Delta will be different.

“ The line or phase current giving rise to the flow of neutral current” in this context supply neutral and the star point is inter
connected then it is called 3-phase 4-wire system. In unbalanced loading, due to the flow of unequal currents in each of the
phase and voltage appears at the neutral.

Advantages of 3-phase system over 1-phase:

1.3-phase system is more efficient than 1-phase system

2.Cost of 3-phase equipment is less than 1-phase comparatively

3.3-phase system is 1.5 times more than 1-phase.

4.Harmonics in 3-phase system is minimum

5.Economy of 3-phase power transmission is cheaper than 1-phase

6. 3-phase system produces uniform torque but 1-phase gives pulsating torque

7.All 3-phase motors are self starting but 1-phase motors are not self starting
8.3-phase apparatus are compact in size, requires less material as compared to 1-phase.
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Example:1 Find the real power and neutral current for the given 3-phase star connected

unbalanced load which is connected to 3-phase balanced supply voltage of 400V.
O

Cxviven -

Vi = LH4-oovVv
N e, EROER
™ = V=
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L-i e c\*vfm"\‘s

L
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Example:2 Find the line currents and power drawn for the given 3-phase balanced star
connected supply voltage of 50Volts and having unbalanced load impedances.

= T By . S AEEEE
San= = 3 v
\ — 2.8.87F L=l o™ N
cm _
— 2.8.8iLEtla-o W
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Tr = = 2. 8. 83 L2
AT —— T T H F L= -
X, = = D W E R S A
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I — E_‘[31\1 ___2;8,, — =
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I

= &-~"1T72l=l12="A
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BT
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=

— 28-83 »>S-11> = cos T—2<7
P — 1Ssé&€-s<a I

=

e B

-

e I cos{+12o —12<]
2 2-8"1 -— =_-F53
E=-=25 14

coso

)

r T Pe

= L0 - 3214

Ex.3-Find the neutral current which flows in the 3-phase unbalanced star connected load
having balanced 3-phase supply voltage of 100Volts in ACB seguence, 50Hz.

C(‘r—

Bolanced So-ttly Voltege =00V
Since

Sequance 'S AC 2
= - 100 LQ_.
AN .
= loo Ute oy loo I==%
BN T
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Example:4. Find the currents and power drawn in the given unbalanced Delta connected
load supplied with balanced voltage of 100V.
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Example:5.

Find currents in the star connected unbalanced load.
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Example:6. Find line currents using loop analysis.
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Example:7. Find currents using loop analysis.
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